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Lecture 1 - Sep. 4

Syllabus
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Lecture 1 - Sep. 9

Syllabus & Introduction

Formal Methods: 
   Theorem Proving vs. Model Checking
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&
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Lecture 3 - Sep. 11

Math Review

Propositions: Commutativity vs. SCE
Implications: Contracts, Theorems
Predicates: Universal vs. Existential Q.



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Event-B Summary Document
• Priorities: 

+Lab1 → Due: Next Tuesday (Sep 16)

+Lab2 → Due: Tuesday (Sep 23)

• Missed Lecture 2 (Tuesday): 
+ We’ll dive directly into Math Review (1b).
+ Introduction (1a) will come after the review is done.

saractions

↳ print copy
allowed ?



Q. Are the ∧ and ∨ operators equivalent to, respectively, && and || in Java?

Logical Operator vs. Programming Operator Exercise

for
short Cirait

7 P && &8
↳ evaluate from LtR
↳ if L evaluates to

falst
, bypass R

well-definedness,a[i] 0 .. alegth-
P xG (1) X/ < %70 commutativity
↓ "evaluated" separatelya indepently

Math P " G = & "P
② both pad & well-defined. In 4208 geep



O 9
--

Accessing Array a->

Glength = = 10

D ⑫ &

(1) I < a length & ali] 10 && i c = 0

saf I = = -Z say I = = 100

D
-210 I 0100 <10 2) Alt

E
& GEZ] > 10-St ! 4 bypass &2

guardingcondition exercise
[21 is alength && i <= 0 && ati] > 10 guardingI



implication
> X

↳



art

guard-I I guard- I

↑

Guard-2 :

guad-
↑

j



Implication ≈ Whether a Contract is Honoured
DbC

petconsquare o T = T = T

②T = F = F
- onlyat

promised detson
②F = T = T

the
is

violated .

# FEF =

# false proposition tul
T side

truf
ifnot notAt the

zero of E : FE p
= T contract

identity of : T = 4
= P



p = G
def. of E :

p=G =

<PVG
(1) Inverse : <p = 19

its Converse : G = P
3) Contrapositive : <G = LP
(Inverse of

converse p = g = +g = <p



Most
General

-x · Q(x)

7x · Q(x)

Toolof& prooflegRodnSi) = PSI)
75 : R(i) x P()



Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

-> for each E , R .
What happens

if i satisfies
The

universalarication satisfies P .

if R(is
=

satisfying
Th Corresponds tonot considered an empty rangecany "We R(i) = False ?

existentation rangefsa and

cuniverse
=
satisfies↑

.

disclosure



Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

false zeo ofFeP
=

boolean all Positive (intl] a) E

whatrange? if(length = = 0)Greturn true 3
S

no witness

falst 3 can be found in empty
range to provt otherwise

non-position .

boolean somePositive (inti] a) S
what if

R(i) =
false ? if(length = = 0)Greturn false

&
no witness

3
can be found in

Empty range to provt.



Lecture 4 - Sep 16

Math Review

Implication: Alternative Exp. in English
Logical Quantifiers: Proof Strategies
Sets: Enumerations vs. Comprehension



Announcements/Reminders

• Today’s class: notes template posted
• Event-B Summary Document
• Priorities: 

+Lab1 → Due: This Tuesday (Sep 16)

+Lab2 → Due: Next Tuesday (Sep 23)



Expressing Implications
q if p, p is sufficient for q

p only if q, q is necessary for p

q unless ¬p

p: snow storm
q: cancel class- given plantmakeD is when PatienEt

g is also tull necessary&

C
-

C2

↑

) =>Tre =Tre

It neither -G Cl :

Cl
-

E
If, nor <Gp)

[2 C2 :

therco~ &
"I 14

# eg .
Formulate "X0 if ya"

E PP. 4
y + 10 = x30if

744 PG
1. P #G(pEg = g(p)

↳don't save about g.
onlyif 2 . P only if g (p = g)



I set of integers
- As
...

- 120sEs ..

-
+A

# set of natural numbers

Os 1 , 2 , ...
+

N= I
,

2 s .

- s
+ & (positive integers)



numbers
f
numbers
1I 14

Vi
, j
· TENxjEX = P(icj)

↳
need to considerj al combinations

consider of (is])

na



Logical Quantifiers: Examples

∀ i • i ∈ ℕ ⇒ i ≥ 0

∀ i • i ∈ ℤ ⇒ i ≥ 0

∀ i, j • i ∈ ℤ ∧ j ∈ ℤ ⇒ i < j ∨ i > j

∃ i • i ∈ ℕ ∧ i ≥ 0

∃ i • i ∈ ℤ ∧ i ≥ 0

∃ i, j • i ∈ ℤ ∧ j ∈ ℤ ∧ (i < j ∨ i > j)

[E90,
IsZs ...3 T

T
# witness :FREE witness

:

is]
St .

false -hos 5
witness: O

T
DENX00=

T witness"0
witness

:

T
-> 11
=
3.



Logical Quantifiers: Examples

How to prove ∀ i • R(i) ⇒ P(i) ?

How to disprove ∀ i • R(i) ⇒ P(i) ?

How to prove ∃ i • R(i) ∧ P(i) ?

How to disprove ∃ i • R(i) ∧ P(i) ?

RCT) E Student I enrolled in 3342
=

=

4(i) E Student I received At

Goal : Show R(i) EP(T) = Tue, s defined
9)

trival
-> (1) Show <R(T) 'zero of E : false => p = tree

harder- it, show RCT) ,
P(i) (every I sat R d sat P)

I

God :show (1) gitweta P.

() give a witness j "St . R(j)
F
but <P(j) .
harder .

Goal : show R(T) /P(i) = False -

(1) Show <RCT) : false p = faRideA



Prove/Disprove Logical Quantifications

->

this↳ XE 1.. 10 - each member in

CRIX) is net false) interal is 10 .

- Exercis ~

~ ~

↓ XE1 .. 10
↓ witness : 3

~ Disprove usingwitness
&
Exercise ↓

wong statementssufficientwhsingle witness.



Sets: Definitions and Membership
~X =NX

DEX0[X= 23

No ordering : 91s 2 : 33 = 9233 , 13
= 90,

1
, 23

↓
XEXX

set enumeration &(2.x0 = X =23

(members are = 90, 243
X

No duplicates : explicite · [1 : Es32] about set are

SetComprehension E(X-y)

↑CuteSexpressionthey XEXX
5(1 ,

37s
Yex

member (14)
↓ (2s31 .

1= X= 2 x 4
intset 11 : 12 s 23

(2 ,4733 - 2-43



Q
.
How manif sets of size 3 can you make

out of 1
.
2

:
3

: 4 s
5



Relating Sets
S2 S1 =o

=> Si = Sz
Set diff

Sz
↑

subset &2 S1 0

sl[Sz Si ↳
all
members

in

S2buto
a

proper
subset

sic
Sa sitSexeSz

L
S2

- witnessESICSET
Si

that9s



Lecture 5 - Sep 18

Math Review

Converting ∀ and ∃ : Equational Proofs
Understanding the Choose Operator
Power Sets



Announcements/Reminders

• Today’s class: notes template posted
• Event-B Summary Document
• Priorities: 

+Lab1 → Due: This Tuesday (Sep 16)

+Lab2 → Due: Next Tuesday (Sep 23)

• To be released:
+ ProgTest guide
+ 2 Practice Tests
+ Lab1 solution

Toneas .

V
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Logical Quantifications: Conversions

(∀ X • R(X) ⇒ P(X)) ⇔  ¬(∃ X • R ∧ ¬P ) 

(∃ X • R ∧ P) ⇔  ¬(∀ X • R ⇒ ¬P)

R(x): x ∈ 3342_class
P(x): x receives A+

De Morgan

7(Pvg) = TP" 78

Axiom : Ex :R(x)= (Jx · < O(X)
p(x) (4(X)
T

(x · R(x) = P(x) 24 = % = Tp-g3= FX . R(X)( 25x: + R(x)3 27x · 1 (7 R(x) vP(x))
LEX · < (R(x) = P(X) = 51(pg) = -4/293

77x · ThRcx1) 1 + P(X)
↓ < [2(p) = p3

Exercise
.

77x · R(x) 17Pcx

~



Relating Sets: Exercises mES +(m = S)- meS

Si [S21 Sz[Si Si = Sz 91 .
23-91 . 73 3]

SC S always fails but they're not equal
↳ not-empty: 91.23 C91 : 23 X

↳ empty : ↑ c 10k101X

O C & sometimes holds sometimes fails
↳ S empty >

Y.
↳ S not empty >



Sets: Exercises

Set membership: Rewrite e ∉ S in terms of ∈ and ¬

Find a common pattern for defining: 
1. = (numerical equality) via ≤ and ≥

 2. = (set equality) via ⊆ and ⊇

S = {1, 2, 3}, T = {2, 3, 1}, U = {3, 2}
S T U

S
T
U

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

Is set difference (\) commutative?

S1) S2 members butWe (e = S)-> in
S
inS2x

X=y( Xsy xy= X
S =52 SieSzi Sad Si

Exercise 5)--

sili
= ",,, (219-
-
-

S1)S2S21Si
~ D Give some witness of

violation.



Exercise: 
How many sets of size 3 can be made out of values 1, 2, 3, 4, 5?

5 .

-

(Step 1) Make sequences (with no duplicates) of size 3 .
(5)

~

- 5x4x3
element =

23 +
5

- -

# sequences
dim -

element 5

34
(Step2) Disregard ordering of sequences with the same set of contents
* For 9133 . 53 s

we would've made sequences : (Step 3) #segy size
~! 3x2 *

/
-
315

- 51 3

= Sequencecorrespo gdig35/

53 &



-> n se = (1 > [ : [ <0) (n) = (5) = 1

(E) out ofn given elements

II

how many ways tomakea s?

I
(h) = (21)

(10) =

10 x 4x8x7x6x5x4x3

8 !
I terms 11

n . (n- 1) · (n -2) . . .. . · (n -i +1)(() = 1072
In-itD I !
"D .



Power Set

Calculate the power set of {1, 2, 3}.

Given a set S, formulate the cardinality of its power set.

portP(S) = <x x &S3 7
Each member in

Ps) is
a set

1 smallest member
P(9132;33) = 9xX29123333 inTs) : 0
① smallest (5) = (subset of card) & S
513

,
923

,
933

,
(3) =3 (subsets of card & 2

. largest member
=

E
5 352,33 : [153]s[la23

, (2) =3 (subsets of
card2) in PCS) : S

91 .2333 largest (5) = 1 (subsets) S & S

|(91 ,
2

,33)) = (5) + (i) + (32) + (5)



Set of Tuples

Example: Calculate {a, b} ✘ {2, 4} ✘ {$, &}

n elements intheple
sets

.
que 3

el e2 es
&

~

S(el . e2ses) ele 22+Neb33-

a b

Each root-
to
leaf

= (9 ,
2 > $) correspondsafE 3 Re pathto at



Relation : set of orderedas
S T

e
.g. a relation on 91.2 , 33 and Garb3

· Is (l: 9) a relation on Sand T ?
No ! " (1 ,

a) is not a set.



Lecture 6 - Sep 23

Math Review

Constructing All Relations
Domain, Range, Inverse
Image, Restrictions, Subtractions



Announcements/Reminders

• Today’s class: notes template posted
• Event-B Summary Document
• Priorities: 

+Lab1 → Review

+Lab2 → Due: This Tuesday (Sep 23)

• Released:
+ ProgTest guide
+ 2 Practice Tests
+ Lab1 solution



Cardinality of Power Set: Interpreting Formula

• Calculate by considering subsets of various cardinalities.
• Calculate by considering whether a member should be included.

Want to know : 1P(S))
7

I

~ (P(s)) = (13) + (12) + (13) +... + (i)
P S

-

is islS = 59.b .C], exclude(4(5))
=
t

2
-

> include ( is1 3
=S % %

↳ , 1 > 99 = b39]



Relation : set of orderedtuples
relation on S andon

acceptable.

S
.

T
e.g. Ed

e
.g. a relation on 91.2 , 33 and Garb3

9(x-y) X=SxyET3
· Is (l: 9) a relation on Sand T ?

No ! " (1 ,
a) is not a set.

· Is 9(1 : a)3 a relation on S and T ? YES
ES ET

· Is 9 (b ,2)3 a relation ? No .

order is wrong :
Ri = 9 (1s G)

,
(3 , b)3
-

What is the min relation on Sandi?R2 = &(b) (1s&)
R1 =Fr

what is the max relation on Sand T?-



Set of Possible Relations

• Set of possible relations on S and T: 
• Dedicated symbol for set of possible relations on S and T:
• Declare that set r is a relation on S and T:

Example: Enumerate all relations on {a, b} and {2, 4}.
Hint: How many?

subsets
of
lation .

mativep max
relation

P(SXT)
Si T

v=(SXT) vESET
S T

2ISXT12x24 = 16 max rel : &(d > 2) , SXT

S
d relation of card. O (5) = 1

3
(G >4) ISXT

5 (232)3 , 9(93473 ,96,23396343 -> relation d , (4) (b > 2) - Iof (bs4)3
->z(t)
-> relations of cord. 3 (4)

& (G22) = (G-4) > (bi2)s(b > 433 relation of card. 4 (4)



* Ev veDep.Des x 1r1 =23
Exercise

Departure= 9 toronto , montreal, wancouver

Destination = & beijing , seoul , penangy post

lineDeparture DestinationCD

9

(epet( Kep. Des . l = 2 Repely = 2 12*

12, enumerate those relations with card 2. -



StT =P(SXT)



Relational Operations: Domain, Range, Inverse

Exercise: Relate the domains and ranges of r and its inverse.

ve AlphabetI

00000000
dom(v) = Gasbstad, e < f3 dom(r)- Alphabet
000000008

van (v) = 91
.
2

,
334: 5.63 vaniv)[I

ver --

v= [ClsG) a (ab)s (39)
:
(4

,
9) < (5 .b) , 16 , 1)aCladz , 19,3

doms = van Algebraoperties
un



Relational Operations: Image

Exercises
• Image of {a, b} on r?
• Image of {1, 2} on r?
• Image of {1, 2} on the inverse of r?
• Calculate r’s range via an image.
• Calculate r’s domain via an image.

L vE Alphabet I rI9ach3] = r[Ga3]wrIsh3]
[l > 43 P

& O & O
- r[qab3] = 9 V' (v) = UN E9Gb33 = 91s2 : 4 .

53

ScAlphabetne necessary. rI9g3]nov En
from G

I Alphabet
r[91 ,23] undefined!

Tr .

r[91s23] = Gasbad:e3
VIdomir] = van (v)

VIrans]=does



* a new relation.

v = S=T
s Dr = E(d , v)

s &S t & T (d .
v) Ev

"d = 53
domain range

↳erwic*i sA
Each of these operators returns a new relation.



Relational Operations: Restrictions vs. Subtractions
S = 99 = b3

09 & O
59 ,b34v = 9(Gn1) >

(b
>2) > (Gc4) >

(ba5)3

20
Gab3#v = & (C

,3)s(Cab)s (dak) : (f:2) : (fs3)3

OO OO
~ D91s23 = [(aska (bs2)s (dal)s (ts 273
- *

~ D [ls23 = [ (C , 3) > (934) s (b > 5) >
(b) > (fs 3)3



Relational Operations: Overriding

Example: Calculate r overridden with {(a, 3), (c, 4)}
Hint: Decompose results to those in t’s domain and those not in t’s domain.

r( + = 9(d
-
v)(d

+
v)=t (dav)EVNdAdomcD3

relation relation

= Eldo v) / (dav) -3 Eldar's (dev'sErx
dedom(t)]



Lecture 7 - Sep 25

Math Review

Relational Overriding
Functional Property
Partial Functions vs. Total Functions



Announcements/Reminders

• Today’s class: notes template posted
• Event-B Summary Document
• Priorities: 

+Lab1 → Review

+Lab2 → Review

• Released:
+ ProgTest guide
+ 2 Practice Tests and solutions
+ Lab1, Lab2 solutions
+ Possible change of ProgTest venue - to be confirmed



Relational Operations: Overriding

Example: Calculate r overridden with {(a, 3), (c, 4)}
Hint: Decompose results to those in t’s domain and those not in t’s domain.

[x(P(x) - &(x)]
= (x(P(x)3v(X(Q(x)3

- NX

O P

r( + = 9(d
-
v)(d

+
v)=t (dav)EVNdAdomcD3

relation relation

voverridden =E(do v) / (dav) +3 Eldar's (dev'sEvxdedomcts]

but = t U (domSt) * v
GasC]

= [(as3) , (8:4)5r[(baz) · (ba5)s (d . 1) s (es2) · (fos)]



Example: Calculate r overridden with {(a, 3), (c, 4)}

- ---
(9 , 3) > [S34) t

P
E Alphabet Cab1b : Account
#

I inalTransfer from astot
Ent basically v , For AfterTsu proposed chang

as

changeda of to except# pairs with first elements in

① according doncts , they must agree with to



Exercises: Algebraic Properties of Relational Operations

Define the image of set s on r in terms of other relational operations.

Define r overridden with set t in terms of other relational operations.

Hint: What range of value should be included?

Hint: To be in t’s domain or not to be in t’s domain?

OS <V

rIs] Espr
EV

VIS] = val)O
Iron(r)

v At = t UEdomit)#r3



Functional Property

isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

Q: Smallest relation satisfying the functional property.

~
RESET rel

fun

range
values.

2 TS

rel
- t S

.
t

.

a domain value Function,rese
is Function (v) is

two pairs sharing the sure
1st elements Vend elementsas a re

lots

trif .

Of Of same

S eg . [(asD
v=

(b ,2) ,&-> can't find witness of violating func. property (GiB3You cannot have the same domain values
mappingatwo distinct range values + 1 and +2.

witness of = 1 = 3 Frviolation



Functional Property

isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

Q: How to prove or disprove that a relation r is a function.
Q: Rewrite the functional property using contrapositive.

* Each domain value maps to at
most one

range value vel

** tf +zE fun

2) (Ssti) =U x (Setz) fr)

Two But
! I

* ** rangesome domain prove
dispra

cannot
exist intherelation

↓
Prove
DShow that V= (F = = T) Disproveti)Ev (otz) Er but+E
& Go over all pairs in Us show that each dom-

value maps to no more than one
volup

.



Partial Functions vs. Total Functions

e.g., { {(2, a), (1, b)}, {(2, a), (3, a), (1, b)} } ⊆ {1, 2, 3} ⇸ {a, b}

e.g., {(2, a), (3, a), (1, b)} ∈ {1, 2, 3} → {a, b}

e.g., {(2, a), (1, b)} ∉ {1, 2, 3} → {a, b}

e.g., {(2, a), (1, b), (3, a), (1, a)} ∉ {1, 2, 3} → {a, b}

r ∈ S ⇸ T ⇔ ( isFunctional(r) ∧ dom(r) ⊆ S )
r ∈ S → T ⇔ ( isFunctional(r) ∧ dom(r) = S )

Exercise: Visualize S ⇸ T vs. S → T

12 partial
> total

rESET partial -> dom(r)<S vdom(v) = S
case 1 : ther's caseZ

some dow valuetoil
does notinthascorrespondis waydine

defined van
func. propety * ST value

.

Everyfundom()
= S

·
** SeT

.

** SET
function.

> functional property
set of

all possiblfunctiosetS
and T

*** S ↓ T

** dom(v) =Elsis 33 = SX function) S hec funherty,
* dom(r) = 91s23CS S

violates the fun· property > not a partial funct



e.g., { {(2, a), (1, b)}, {(2, a), (3, a), (1, b)} } ⊆ {1, 2, 3} ⇸ {a, b}

e.g., { {(2, a), (1, b)}, {(2, a), (3, a), (1, b)} } ⊆ {1, 2, 3} ⇸ {a, b}

vI r2

↳
S T

r = S- T
A

v2ES + T
E

& OX
↓ ↓ ↓

a set
what each member

asetofde a
sidered

is a setofed pairs property)O

Tais
I It



&

S = 91 :
2 > 33 f(n) = 2n+ 2n -4

T = & a b 3EVI fans is Ocuis~C2, fan) is Ocus
K, fin) is O(zY)

v = E((ca) = (2 =
b)
> (3 > 9)3

VD v is a relation.

(s) -

~ v is a partial function .

most /r& V is a total function.

RI
. Correct. R2 .

Most accurate ?



Lecture 8 - Sep 30

Math Review

Rel Image vs. Func Application
Modelling: Rel vs. Partial vs. Total Func
Injection, Surjection, Bijection



Announcements/Reminders

• Today’s class: notes template posted
• Event-B Summary Document
• Priorities: 

+Lab1 → Review

+Lab2 → Review

• Change of ProgTest venue - WSC106/108
• Released:

+ ProgTest guide
+ 2 Practice Tests and solutions
+ Lab1, Lab2 solutions



Relational Image vs. Functional Application

A function is a relation.

f ∈ {1, 2, 3} ⇸ {a, b}
f = { (3, a), (1, b) }

Exercises:
f[{3}] = 
f[{1}] =
f[{2}] =

rel

!
S
~ T

isFunction (f) 1 domst)[[1. 2 , 33
O -8 S

relationage domcf)(91s2
,3] don,easfunctional application S

Eating at least one
value

da3 f(3) = a from S that

aa-3undefined) doesnothavetherangerous.
relatione domcf



In Rodin
& f

:*dat
defined

LEI

· g:dredefineda donig



cardinalityge
relational

v = S=T

v is also a function

=>

IrI3]1 = ) -> SE dom(r)
ses ↳ S

=0 S@dom(r).



Modelling Decision: Relations vs. Functions

Is where_is ∈ Employee <-> Location appropriate?

Is where_is ∈ Employee → Location appropriate?

Is where_is ∈ Employee ⇸ Location appropriate?

No
.

elleb. E where is 12/1-l2 E where is

-No -: some employees may notbe inempary.
↓

YES.



Functions
(dom) (ran) (doma ran)

injective surjective bijective

partial partial injection partial surjection
U .G.

# 7/2 17

total
> 7) >

T



Injective Functions
** Contrapositive : 31 S2 => 7 ((slst)Ef X

(S2st)Ef)
same rangvalue

t ↑
YSs +1s +2 · (StSXtIETX +IET) =)(Siti)-f x (bstz)f= ti = +z)
1

cannot have twopety distinct don. values

mappingtoth
sama

range= f
e.g. [(lab) s (2sb335E E
↳ false

.

(b



-> funcprop. X Injectiveprop.

* OO * func vinjX- , distinct
don values

map to 6.( !
X land I both

distinct dow values
sa.bothins

(f) map to distinct

freeisareally van valuesE injective,



9 (19) :
(2s@)3

↳ function
not injective

& (lsa) (1s b)3
↳ not a function !



S>T : set of all relations setof all possible total injections.

-
onElla)

,
-- b

- (2)

- ·

F (3
,9)3

: ↓ violates

witness
inj . prop.

func . prop total inj. pop
D ~ ~ ~

② ~ D ~

& ~ ~ *



Surjective Functions
f StT

total(f)> dom(f) = S
-

pfu
[-
&
suT

-> func nt surji
- -

↑

D & S

f--
- -------

=0 =
-

&

-

Surg S

~

o
total

to
X

Y ~

Y ~ X X



Bijective Functions

all possible bijections
-> "no injective function can be made

·
- - -

total + funs inj Surj-
D X ~ -X

⑰ ~ X ~ X
⑪ ~ ~ X X



Exercise

partial

total

injection

surjection

bijection

1 2 3 4
1 2

3 4

X = 91s233 > 43
Y = [AsB > C > D3

-

vvvv

& UX ~ X

4 v -xX

-

A ng rXX X

VXXX
: e D
I rinj

.

4



Lecture 10 - Oct 7

Bridge Controller

Modelling Decision: Formulating Arrays
Correct by Construction
State Space of a Model
M0: Abstraction, Context, Machine



Announcements/Reminders

• Today’s class: notes template posted
• Last Thursday’s class: 
A lecture video on formal background to be released

• ProgTest being graded
• WrittenTest1 (Oct 22) coming after the reading week



Formalizing Arrays as Functions

String[] names = {“alan”, “mark”, “tom”};

names [I 12 Swing
O I 2

only certain indices
O I 2

are applicable
names->

↳ ↳ ↳ names Sig,

names "alan" "mark "tom
distinctstrings (no dup.. .

~

17

· I
[2]

↑ infinite voi 2

11s X(3) names ->&1 (partial surjection) I ↳
↳ vaninames) =2 -> infeasible

Instead : names EX/ Intbiinege
"aa" "makais

allows.



(4) G X1StrgeSbig
van (a) = Sting -> feasible

(5) + related to is int data type



Correct by Constructionbridge controller : <Mo
, m1, M2

-> of a seriesdes n+ 1 models*
of mo

more and more details added
>

Mo ... Me My ... Mu

count details ↳ ↓
containingact /mostdel * Having a single finals mostdelinitia 1concrete↑ "Superman" model

! Mi is more
Iabstract than mjlest.band verify it 1 . Mj is more closestmateeventationL

To showthafinement is feasible concrete than Mi the ing
in

leg .

22.

mj is
oMinsteaddistributeprope

is



State Space of a Model
Definition: The state space of a model is
the set of all possible valuations of its declared constants and variables, 
subject to declared constraints. 

Q1. Give some example configurations of this initial model’s state space.

Q2. How large exactly is this initial model’s state space?

->concretea
* 1

. typying constraints
Y

. invariant

2 ~

A -> combinations of values

invariant.
~ ~ ~

#

C what if no invariant
Init .

(10, 000
, 20 ,

%000
,0

bottenleg :000
, 20000 ,

9 "bill"initrati : 10 , 000 ,
200

easily 9 "bill" 1 -5M3
↳Stat Space = Evar/cost list typing constraints / invariants veryfiniteshouldbes



Bridge Controller: 
Requirements Document

->
= vS

** &

A
=

-

Na ~ P &

-

-

- * + ** 1 d
.

~

M3

-> Important Assumption
↓) to prove safety property

~

Mi

->MoneyRETModel



Bridge Controller: Abstraction in the Initial Model

&
in No , consider theoperable

3 cars

Island too t Mainland
100cars

↳4 U=10
+So

# : numberof Canand& bridge
island-bridge compound.



Bridge Controller: State Space of the Initial Model

Static Part of Model

Dynamic Part of Model

max #cars &20

-> typing
constraint ? S
-

desired u = d
property ↳↳

currenta may uln



Bridge Controller: State Transitions of the Initial Model

d = 2
n =

State Transition Diagram on an Example Configuration
d = 2
n initialized to 0

# 23 a car leaves
-24 t sandS

problematic
.

->

a carreturat the mainland.

Mainland ~
-> Is there a trast of event

no guards that can lead to inv .
violation?

aircited).
-

-



Lecture 11 - Oct 9

Bridge Controller

Before-After Predicates
Sequents: Syntax and Semantics
Inv. Preservation: PO/VC as as Sequent



Announcements/Reminders

• Today’s class: notes template posted
• Last Thursday’s class: 
A lecture video on formal background to be released

• ProgTest being graded
• WrittenTest1 (Oct 22) coming after the reading week
+ Guide and example questions to be released
+ An in-person review session



Bridge Controller: State Transitions of the Initial Model

d = 2
n =

State Transition Diagram on an Example Configuration
d = 2
n initialized to 0

d = 2
n =

d = 2
n =

d = 2
n =

* if an unsafe state is possible -> something

Wright
the model

# 23 a car leaves
-24 t sandS

problematic
.

->
car
return

a back to the mainland.

Mainland ~
Mi -> Is there a trast of event

no guards d that can lead to inv .
violation?

A

ML _out ML-ort il-out
3 T>circled.-

Our nemenabled



Two independent concerns ML-out cannot happen anymore
~ sarie state - : it's

disablea
soft

~enabled event safened 7 - >123 253
action for H1-out : ML-out ML-Out

->

u : = n + >
S &

becomes

Mout ML-art
guard for MLout enabled ed disabled

~

nD (02) (i91]

↳ 3- is false

d
even thoug

h its

safe for u to be
incremented once more

,
A



Before-After Predicates of Event Actions

- Pre-State
- Post-State
- Sate Transition

inRodint Spre-salee
Post of M

of befores plas

Fost
state pre-statevalue

Iwake

fore-state ML- Out after-state↳everstate ost-state
I For each variableX :

(1) Write I to denotes
- n = u + 1 its pre-state value.

(2) With X'to denoteguardsfod beenabled its post-state value·



swap
  begin
    temp := x
    x := y
    y := temp
  end

Q. Are the following event actions suitable for a swap between x and y?

Exercise: Event Actions vs. Before-After Predicates

pre-state swap
,
posterstate

W 2

: 23 x46=
Yy :Ele y =-1

&

temp :I temp
= 23

↓

Before -
After Predicata Fix Swapbegin -By
tempt : "y=x-



Design of Events: Invariant Preservation
↓

to be formulatedof obligation
↓

stated as
a

sent- constraints
sat typing

N EN
Desire :Estate · State = StateSpace

=> INV (State)
n + d

T=F = F↓
To disprove : find a witness state -> StateSpace# but 7 In(State)



Sequents: Syntax and Semantics
Syntax

Semantics

Q. What does it mean when H is empty/absent?

c turnstile . astates
meaningsequent I -> a setoelates,
Y off assumtheses

I
dEN

tool
or false

stions/hasFusions
truts

2. 9. nEX

H1-GCHEC assuming that provable
. Feed

DinelG Tre =G() Gre prove G without any assumption
② Fakel-G > False =>G () True> no hypotheses means it's proved!



PO/VC Rule of Invariant Preservation
verification condition -> ML-out

In : pre-state
HEAProtection < guardi u=d

version
.

↓ Ind: post-state
vasion

RAT: n= 'EN
n = d

* To eliminate

the "primes"S
dEN Consider the BAP:

nEN
n= d KEN-d

ML-out 1
Tre, n+ 1 n+ 1

*uENXn= d
> nHENX 1+1 =d



Lecture 12 - Oct 21

Bridge Controller

Before-After Predicate, Inv. Preservation
Formal Model Components
WrittenTest1 Review



Announcements/Reminders

• Today’s class: notes template posted
• ProgTest being graded
• WrittenTest1 (Oct 22) tomorrow



Transition of an Event
Axiom

W

b : ACCOUNT12
he domsb) "Grandfdraw

withdraw I : Va · * dom(b) = b(y) - C

invariant
& X X

a : ACCOUNT pre-state withdraw post-staff #Fadomb) =
V : N

S

t b(x- C
where maintained I 645 ...3
a =dom(b)

fied with
adeala invariant ( Ve dan7

begin/ modi effect of event.
&(* - C

6 : = b((a(- b(a) - v3
end b4[...3

BAP : 6 = 6 <[21+ 6(a) - v3



21
,
nonpossible

postf

eZ
~ anotheible

post
Staff

say : elieenabled ↓

event all possible
~ only onn happen

at a
time. poststatestheainvariant.



PO/VC Rule of Invariant Preservation: Components

c: list of constants
A(c): list of axioms
v and v’: variables in pre- and post-state
I(c, v): list of invariants

G(c, v): guards of an event’s

E(c, v): effect of an event’s actions

v’ = E(c, v): BAP of an event’s actions 

is definedas V= <1> pre-state ~ G(d>>(n> ) = true swap
cEd> most-statev=<)

BAT :
begin

A(d)) = <aXmO-1) [r7 = E(dy ,
(n)

=
(n+1

X : = Y

8
<n+
17

G(d>,>) = true. :-

BAT:

function I (d (3) =
<In-17

&
E(d>(>)

= <n -K

E((s(X<Y)
constants < invO-IsinvO-2] = <Y <X>
1 Iz(d>, (n) =

invo-1 <dy <n>
(n]

effect <RHS of BAP) - effect ofevent
action .

<d [n] BeforredE post-state value



aXmO-I

modedey
of axioms.



least accurate
correct

most accurate

FentSummaa top
al

,
rel

f

↳ printcopyyouSeched "correct
:
toths

s -
T

accurate
:

STmost accurate :

least



a :
Ningas

a :

Non linas
a :N feasible

a : N [cofessibles a :N/2) Intfeasible) ·



=
A
=

well-defined
<pxgvr = V

=

SvctXU =>

expressions & WD if if o

r : SsT S = Casb ,
[3

T= 91.23
↳
a valid relation contains members from J andT only.
v1 = &(as))

a
(b

, 2) =
(9 <2)3 vI[9c5] = P

.ES

- 1599 .d3] well-defined.



Lecture 13 - Oct 23

Bridge Controller

Proof Obligation Rule: Inv. Preservation
Inference Rule: Syntax and Semantics
Sequent Proofs via Inference Rules



Announcements/Reminders

• Today’s class: notes template posted
• ProgTest results to be released by next Tuesday’s class
• WrittenTest1 results to be released by early Monday



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m0?

assume :

7
⑪ invariants

Tre-statehold in
~

aXiomS

prestatea-variant
* guards

~ of sout
event

*A

↳ effect of

sequents poststate
the event's actiona

* Guads of some events : M2- out or ML
-
in (2) of invariant

* * Some invariant condition : invO-1 or invo-2 (2)
Vas a goal,eviant at index

- I
Total # of POs (sequents) : 2 * 2 = 4 Prove T.

z .



↑

03 : -

401 : M2
-out/invO-1/INV invariant preservation

Tot : ML
-out/invO-2/INV Po5 :

ML
-out/invO_3/INV

T03 : ML
_ iN/inVO-1/INV

TOp : ML
- in/invO-3/IN

Tot : ML
_in/invO-2/INv



M2-out/invO-1/INV
↳ related to

Po or
nottransition

A
state event

action

taking via somserve/maintain
can 1 invo-1.



PO/VC Rule of Invariant Preservation: Sequents

stul

↓ '
=u
+

BAP:n

<true

:
n'=

~- ~
Tol : M2

-out/invO-V/INV TOZ : ME/invEz/INv
dEN

~

deN 1. Copif
the TNV.

post-staff
nEN nEN

2 . adapt
it to

verston
nErd INV ned

3. substitute
each primed

HEN /Nt
war. using BAP

n-14 d



Q. What does it mean when A is empty/absent?

Examples

Inference Rule: Syntax and Semantics
Syntax Semantics

L

antecedent nameoae
A = C = Twe ->

II

means C
>
is an axiom

fments
consequent

~ To prove the consequent Is
withoutroof.

ge
sequent singleto sequents it's sufficient to prove the antecedent A

-

Hil-G rewriting instead
.

can drop
HisHzrG

MON-> To provt HisHzl-G we hypothesis.

a single ment.
notonicity it's sufficient to prove H , 1 G



Sequent
eg. Its

Mon

H
↑
G

I

G
H
=
G
subject

to prove

be
used asa proofsain A

Inference mayi to proofwrite CasRule A
↳ A = C = The

C
↳

cassumed to be true).



Proof of Sequent: Steps and Structure

Outstanding Sequent to Prove

ML_out/inv0_1/INV

Known Inference Rules
~ -> rewriting

relevant, be droppedbeste
relevant

->
not

n +1,
~
-> not useful

for arguing * Analyze the goal predicate to

MON
P2 prov"what are the relevant was

goa R2 .
what hypotheses are useful ?



outstanding sequent

base cast

↑
Mon t
I Rn

... A

G 3
axim
will



Understanding Inference Rule: OR_L
OR

_

L

OR
-R

Ant-L
w Q

.

Does OR-W help us : AND
-
R

-

(A) split one sequent to provt into
two sequents to provedisjunction) (B) Combing two sequents to prove

ToPovea to
prove1 rc of + into one sequent to

prove,

OT
_
L S



Yz1-G
Man Us

HIgHz G
to

prove
the

sufficient
A Pr

-

How

ju L



Lecture 14 - Oct 28

Bridge Controller

Justifying the OR_L Inference Rule
Interpreting Unprovable Sequents 



Announcements/Reminders

• Today’s class: notes template posted
• ProgTest and WrittenTest1 results released
• Tomorrow’s lab sessions (1:30 to 3:30): 

Shangru to go over parts of your ProgTest 
• Lab3 released



Example Inference Rules
# : Teano Numbers theorems crecursive

casesegnent

Godchgea
~ proofs)

e.g. n=3
to the

R
-u+1 of 1

~ ↓ ↑ m

I

-

=

1

b ↓ Dn=m=m=
=

2

~

Dum
en=

M



OR
_ Rz

RI

OR
-
R I

Rz



Justifying Inference Rule: OR_L

-x -
-

~ ((P =R)x(R=2)= 4 - R = R) = Tme .

(p =R)x(R = R)

= [ def of imp
: X =y = <X v y)

(PvR) x (7@vR)
- -

= distributivityof V over X : Xv(yxz) = (Xv@)n(Xv)3
Rv( <Px(8)

= G de morgan : 1(Xvif) = <XXz3
yRv +)pvg) = Edef. of imp. 3 PURE R



Discharging POs of original m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

>
0

not waliusequent42
-t name nEN

Hor I

2

exactlyotnets HENunproval
o

~
Mor
P2 EN

Mownedi th=b

Mox OR-
ThI D

DEC

extraneededto prove



> MEin/invO-1/INV .

n'= n - 1 this sequent iant to add

-> given
that may

TTme unprovable :

we I hyess
to

additora I n >
0

-

constants Sal -

X
T help . ↳

& I

10variables whereshd,aso/no
⑪

in
the

Medited
u



No Mo 4 sequents to prove

40 whe (e .g. [Nv) ML- out/invO-1/IN

> i
ML

_
in/invO-2/INv

ML_in :

↑

addad toret attempte
-

V

fix
thee

ML
_
in/invO-1/INv
uprovable .



Lecture 15 - Oct 30

Bridge Controller

Revising M0: Adding Event Guards
Initializing System, Establishing Inv.
Deadlock Free: Intro, PO, 1st Attempt 



PO/VC Rule of Invariant Preservation: Revised M0

Q. How many PO/VC rules for model m0?

d

when>o

4



Discharging POs of revised m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

EX.

10

-Lin

MONTH
⑳

MON und

Negaaout Eed INC



Analogy to Induction: 
Base Cases ≈ Establishing Invariants

Analogy to Induction:
Inductive Cases ≈ Preserving Invariants

Initializing the System

c = ?
v = ?

c = ?
v = ?

c = ?
v = ?

ML_out

ML_in

init

The Initialization Event

no prestateit poststatthet
PER I

I showthaa-

Tve-stateassumed//// "11(1)
went topostadasablpestablishingris presentE

first time .

->
the only event that should
be unguarded (initializationvalid
is always possible) no initX

↳testants := n + 1actions not-statare ofa



PO of Invariant Establishment

K(c): effect of init’s actions

v’ = K(c): BAP of init’s actions

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

regular etcan ref.Evansa
~ w

BAP: n'=0I
- -

~
init et can onlif
ref .

Constants (nov).

~

axioms a establisa
- init/invO-1/INV init/invO

-2/INV

de N d = X
t ↓

/ /

↓ nE( u = d
indeXof IN OEN od



Discharging PO of Invariant Establishment

P2X

MON Pi
DEN

& -whereientiated by d
P3

O =

& &



Bridge Controller : REACTIVE SYSTEM

↳ there's always at least one
event enabled for the system to progress
T

noevened
unacceptable : deadlock

to
occur

- G(ML-out) / 7G(ML in) [deadlock condition]

7 (G(ML
_

out) "G(ML-in)

G(MLout) VG(ML_in) [deadlock freedom Lord. ]



PO Rule: Deadlock Freedom

Exercise: Generate Sequent from the DLF rule.

event enableness in pre-state

~

axioms

invariants

↳
~ & deadlock
at least one of the m events is freedomd. (r)

40 prestate post-statedE/X inv
.

est X -
nf/ - nd vu > 0

in- put ~ ~
n = d G(ML-out) G(ML-in) DLF - X



Example Inference Rules
T trf
↓ false

falst
=

↓ ↳ p:Tme = The
false -> P = The

O &

W Treeaf
↳ Th

& R.

f



Discharging PO of DLF: First Attempt

DCF
=

dad = false

alt
-akdudsorbedt

d d

L R false Et
-> unprovable givenno lhyo



Lecture 16 - Nov 4

Bridge Controller

DLF: Alternative Unprovable Sequent
1st Refinement: Abstraction
1st Refinement: State Space



Announcements/Reminders

• Today’s class: notes template posted
• WrittenTest2 next Wednesday (November 12):
+ Guide released
+ Practice Questions released
+ Lab3 solution to be release soon (for WrittenTest2)



Discharging PO of DLF: Revisiting First Attempt

what if EQ_RL was used?

relathea
of the by&
v-D= d vu

I EQ
_

RL

nod un >o
-

Thay not
be

n= d
↑ NowokTHanunso =

F

FVE
Y14

* ↓
UsevnoJRI ICon



Understanding the Failed Proof on DLF

Unprovable Sequent: ⊢ d > 0

②d, O

axmo-2 : d>o

goal . 00
Not being able to proved

↓ system deadlocks
↳ current model may violate it :2 (d > 0) is tre rightAfterae
say d =0. D d = O- volatinggal d=0

After init .

P

n =0
. 450 & d > 0 m typing constraint

. E S

G(ML- out)
M& G(ML -in) ↳ d = 0

.
Fix :

add an

extra axiom d>



Discharging PO of DLF: Second Attempt
axmO-I

↑d >0 /* axmo -2 */

Ta>o

do d=0

do AYP
do

do d >0



Discharging PO of DLF: Second Attempt



Summary of the Initial Model: Provably Correct

Correctness Criteria:
+ Invariant Establishment 
+ Invariant Preservation
+ Deadlock Freedom

static dynamic

ada
3

for provingreedom.fiz deadlock



Bridge Controller: Abstraction in the 1st Refinement
m0:
initial, most abstract 

m1: 
second, more concrete 

cold)
Mr Tand abstractents "Conceteness"
main N cold) added one-way
It
island i neents : Concret. (T.

% " bridge)
V Asbe

A

b

S



version
Mo mi MoMimbstract

existence abstract concrete

Mo ML-outs refined
old ML-outs bML-in ML-in.

Mi new U .
A.
IL-ina eventexistinis
IL-out finement abstractMoutconcreteevent1

refinedy
uz

concrete .



Bridge Controller: State Space of the 1st Refinement

Dynamic Part of Model

Exercises
inv1_4: linking abstract & concrete states
inv1_5: bridge is one-way

Static Part of Model

** a x C = 0 valid but hard to use asp* (2>0xC =0) v(COx
a =0

** 1 =0

x+c =
V

=C

typing
constraints ->

M [Mo) aE

#Cars
ML -> IL

Mi

-a + b
+ ML

No # carslinking/gluingt *
-> a=ov IL- ML

↓ C =0

safety . R
.

Can invl_5be



Lecture 17 - Nov 6

Bridge Controller

Concrete Guards: ML_out, ML_in
Guard Strengthening: Intuition, PO



Announcements/Reminders

• Today’s class: notes template posted
• WrittenTest2 next Wednesday (November 12):
+ Guide released
+ Practice Questions released
+ Lab3 solution to be release soon (for WrittenTest2)



Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland 
(getting on the bridge).

ML_in: A car enters mainland 
(getting off the bridge).

🔗

* if this sequent is provable + a =0 not necessary. (hint. OR-L)

nad

+
[

> (9) From No
,
abstract

> -1 (1) C= 0 guardofMLout:

catd
12 atbadby linking inv:

(b)a+b+4=n a+b + c = 1

(C=0 1C) Concretegra:

a+bad C=P

~
&

.
Is it necessary to

(> 8 add a guard:

2 = 0 ? *

20 /* gard*/
2= 0 v C = 0 Kinvl-5x/
+ a= 0

https://app.goodnotes.com/documents/?anchor=cGFnZS00RjVFREUwMy01Mzk0LTUyNDQtQUVDMC1BMUE5ODA5MzNGQ0M%3D#NjUxNEYwQjAtRjYwMC00RjI3LTgxQzMtRDc3QzMyRDNFOUU5
https://app.goodnotes.com/documents/?anchor=cGFnZS00RjVFREUwMy01Mzk0LTUyNDQtQUVDMC1BMUE5ODA5MzNGQ0M%3D#NjUxNEYwQjAtRjYwMC00RjI3LTgxQzMtRDc3QzMyRDNFOUU5


d = 2
a = 
b = 
c = 

d = 2
a, b, c initialized to 0

Abstract m0

Concrete m1

Bridge Controller: Abstract vs. Concrete State Transitions

d = 2
n initialized to 0

d = 2
n =

Scenario
- car leaving ML
- car entering ML

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
n =

d = 2
a = 
b = 
c = 

Mo Mi Trace : <Tuit
,
M2-out

,
Mc

-in

?

abstastate
init ML_out

7 > I

inrl-4 :

inv1-4
:

1040
=

to
+O I

init
,

ML

out
Concitystate.



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

concretab
,C)

↓
N"Fab

No an abstr
-n
= M

va= a+
↑ b =b + C= C



States, Invariants, Events: Abstract vs. Concrete
Abstract m0

Concrete m1

abstract
var

abstrathard

concrete variables

-

const,e



v and v’: abstract variables in pre-/post-states
w and w’: concrete variables in pre-/post-states

I(c, v): list of abstract invariants
J(c, v, w): list of concrete invariants

G(c, v): an abstract event’s guards
H(c, w): a concrete event’s guards

E(c, v): an abstract event’s effect
F(c, w): a concrete event’s effect

PO Rule of Invariant Preservation in Refinement: Components

Abstract m0 Concrete m1G(d>of:nad> H (d>, <Asbs() of
ML-out :

catbads
(=b)

!
~

~
~ &E(d>

-

V =(n) v= >' 7 (n>) of ML-Out ↳
W=hab,> w=a's bec> Edi:beout

&O

--

I ((d> >
(n>) = < invo-1

,
invo

-2)

Jkd>< <1> > <Gobs (>) = < invI-ls----invl-57



Predicates :
Weaker vs. Stronger Weakest predicate : The

Ex Tme]
PE G

1

↳ P is stronger than G Strongest predicate : False
↳ G is "weaker" than p [x/ False3 = 0.

P(x) x>0
~

[xp(x)3[9x/9(x33G(x)E X70
weaker predicate

P(X) = q(X) ~ Shongeret
1 .

2:
34() 09: it

allows
Ines

more wa

G(x) = P(X)X filters ..

+
↳>Px)toincluded.

morevalues



Mo ML
-OutRefinement : Why Guard Strengthening HEG
G m abstract

Mi guard
Principle : a refinement's behaviour Wo
should be consistent with the abstract model's M . MLco Concrete

abstract concrete behaviour . grand

Why is it wong : G = H (no new behaviour

introduced by the concrets event).
new beharjor2-Econcrete not acceptableconcretetied e.g . for some valeas

M2-out is disabledEstract) ·H in wo but enabled

abstractentisisabled in Mi



PO/VC Rule of Guard Strengthening: Sequents
Abstract m0

Concrete m1

Q. How many PO/VC rules for model m1?

axioms

w

->

concrete gid
=>

eachetrquart
ML

- out/GRIT
abstract good
2

dEN aXmO- 1 exercisin/GRTd > 0 aXmO-2

NEX invo-1

n =d invO
-
Z Ind

GEN a+b+ 1= 1
bEX a=0vC=0
CEN
a+bcdc= 0



2 M2-out

Written
Test d

slide
M2-out

-

5 d



Lecture 18 - Nov 11

Bridge Controller

Guard Strengthening: Review
INV Preservation: POs
INV Preservation: Commuting Diagram



Announcements/Reminders

• Today’s class: notes template posted
• WrittenTest2 Wednesday (November 12)



Refinement : Guard Strengthening
No MccoutG

1
GE * what's enabled in M 1 ML-out CH)Foot buf M1 is also enabled a+bad

M No
.dtast

byMois Hallowed
Gtbtn Yangthisisguard ** some scenarios allowed &

HX1G 1 = 0
to
E

T

Mi
G Ho

ColinoneRated R guard strengthening
?

It
* b MI . A a+bed = ncd
HiG
* H ↓ N enabled
HXG Mi ,

ML-out
is

E in

d wher nidabutedado.



Discharging POs of m1: Guard Strengthening in Refinement

ML_out/GRD



Discharging POs of m1: Guard Strengthening in Refinement

ML_in/GRD



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

= aXioms
abst. Inv

Pate. corc.
Inv.

n'n
+1 concrete guard

n= n- 1

*A=0 vX= 0
&
concrete in sat in poststate~

G C- 1 ML
_out/invI- 4/INV ML

-
in/invI_5/INV

~ de de
~

d >0 d > p

nEN MEX
n = d n=d

a=a+ 1 c= C- 1 GEN beN CEN GEN beN CEN

"=b+ C=C ↑
a=G4b

a+b+c = 1 a+b+c = 1

I Col . Lots * 5 Con.
inV.

=ba =0 vC= 0 a=0 vC= 0

a+bcdc= p >0i' 40s.* ↓ *X

(2+1)+b+C = n+1 a =0V/f-1)=0



Visualizing Invariant Preservation in Refinement
Each concrete state transition (from w to w’) 
should be simulated by 
an abstract state transition (from v to v’)

linking invariant :

ML-out cis defined in the concrete
model

-> found correspondance i
involves beth abst
commuting &ML-Out concrete~

diagram variables

gradtheringabstract · abstract
statee

ML-out

· absstate
A
Gentabled Hinge-states simulated

a simulates
af -> linking

Tru
L <post-states

concret
concretestate

ML-out
·Concretport-state



Discharging POs of m1: Invariant Preservation in Refinement

ML_out/inv1_4/INV



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV



K(c): effect of abstract init

L(c): effect of concrete init

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

PO of Invariant Establishment in Refinement

Q. How many PO/VC rules for model m1?
⑤



Discharging PO of Invariant Establishment in Refinement



Lecture 19 - Nov 13

Bridge Controller

New Events: IL_in, IL_out
Simulation of New Events: skip
Livelock/Divergence: Example



Announcements/Reminders

• Today’s class: notes template posted
• Lab4 to be released



Events old events-
abstract

i Wo ML -
out version

HW-in
-

refines

old events :

concreteML-
out version

asbal M,
WL-in

New events :1L -
in

>
Il-out

Island .



Bridge Controller: Guarded Actions of “new” Events in 1st Refinement

IL_in: A car enters island 
(getting off the bridge).

IL_out: A car exits island 
(getting on the bridge).

* Each new event in a concrete model should be simulatedbyaneentofdochangare
S

skip
tomB ~

=

b Da - 0 necessary?7

for Ric
>

= 0

as

->G : =G- 1 h= 0v1= 0

bi=b + 1
1
c = 0

pre : a + b +c =2post : (a-1)+ (b+1) + 1 = 4
Y

as if nothinghappened

- in No
~

all Inv
~

Lb : = b- 1 by↳
&

C : = C+ 1 t
pre : a+ b +c = n a= 0
post: a + (b-1)+((+1)= n



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

Concrete State Space↓
a = a-1

"y =
b+ 1

C= C



Visualizing Invariant Preservation in Refinement
Each new state transition (from w to w’) 
should be simulated by 
an abstract dummy state transition (from v to v’)

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
a = 
b = 
c = 

d = 2
n =

4)=Tre = The guard strengthening trivially proved for new events .

I L
_
in

>
IL

-out
Mo

.

~

[ Ens
n=1 E

-> Skip w= v
-

imedore-states
skip.

⑳

post-
&

init,Mout Ski

invi-4 invl-4
inl-4

:

Simav1-4: inv)-4:

⑨

states

at sitei *
Concept i

Il-in b
trace : (init

,
I2

-out ,
init IL

-
in d= 2

IL
-in 3

- -7 > OML-
at

g >



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

IL_in/INV1_4/INV

IL_in/INV1_5/INV

old and new events

~ ~

deN
>
nEN (a-1) (b+1) Cu

↓ y+bl+/=effectENCEN ↓
each concrete inv i a+b +C =n (a- 1)+(b+1)+C = n

jost-state a =0v C = p
in 1 conded effect a > 0

Tire: onwata (exercise)
.

~ i'm

BAP: a
=
=a

- 1
+ b= b+ )

2*5 = 10 =C



Discharging POs of m1: Invariant Preservation in Refinement

IL_in/inv1_4/INV



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV



W ~

sto to
Go

do t
~

Exercise show the abstract & concrete transitions of:

abstract transitions : (init
, Mconte skips skip ,

M2
- in >

concrete transitions : (init
, ML_ outs IL -

in
>
IL-Out

,
ML

-
in]



Livelock Caused by New Events Diverging

An alternative m1 (for demonstration)

-ele
↑Pages
While (K [

3
old events new eventsalways enabled

contributin,

notethgenSeent
* possible scenario that's problematic :

fromhappe

Abstract Transitions : <inits ML -outint fo ening.
in &

Concrete Transitions : Limit
,
ML

-
out
,
IL

- ins IL-out,
IL-i -IL-octy ... >



Livelock/Divergence
-> caused by an infinite interleaving of

new events (2 busy looping in the
abstract model) .

-> (system) Variant (EN)
~ not a solution to livelock mak sure

two POs < not

discharge
- - a measure of the # of times itsA

to
->
if urprovablade new events might interleave



Lecture 20 - Nov 18

Bridge Controller

Invariant vs. Variant
Observing Patterns of Variant Values
POs of Variants: NAT vs. VAR



Announcements/Reminders

• Today’s class: notes template posted
• Lab4 released
• A reference paper for the tabular method (Lab4)
• Online course evaluation



Invariant Us. Variant

Invariant : Boolean expression that should

(system) always hold (after init andall event
Invariant occurrences (

tul

falsea t Mouthin ? -

EN0

Variant:Integer expression that may change after event occurrenson

⑧

meant to of ofLEN
~

measuregevents
·

"V ·

t Mout-in -

OMC - in >, 0



Use of a Variant to Measure New Events Converging

Variants for New Events: 2 · a + b variant: 2 · a + b

occurrences of 
concrete events

<init, ML_out, ML_out, IL_in, IL_in, IL_out, IL_out, ML_in, ML_in >

a = 
b =
c =
v =

a = 
b =
c =
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

fixed

~

11 TT I I
-gold rentTo
- 3

·

·
. decreaseaO I - O O. p

- 2 P

000. -7 &

21· do·



PO of Convergence/Non-Divergence/Livelock Freedom

Variant Stays Non-Negative

A New Event Occurrence Decreases Variant

variant: V(c, w)

occurrences of 
new events

IL_in/NAT

IL_in/VAR

Variants for New Events: 2 · a + b
-

&

* V4y
~ axioms Tve-staff
W abs .

INV. 2.a+$ 2 - a +b 1 variant
~ con.

Inve new event V, 0

C- 1 b+ 1 T value
~

const.Godevent
dEN

·

VCCsW)
variant d > 0 12-a +b

· UCC ,

F(Cew)ne GEN beN CEN asO
Uda:OvC=0 a+bt=n

EN IL
_
in

e >V' poststate~ 7

new eventvalutyadEN
d > 0~ -> effect

ofwentse
n= GEN beNCENac1-

*

↓
Uda:OvC=0 atbtf=n 2 . (a-1)+ (b +1)<2.G+b



Exercise Given variant : a + b

(1) Trace the value of V using
the same trace.

Can the same patterns be observed ?

(2) Formulate the VAR and NAT POs.

22 * 2 sequents to proves
↳

IL
- in>
IL_out

NATs VAR
.

3) Are their provable ?



Example Inference Rules (MP=R)E(H = PvQ)
H = PvQ

disjuncionright = P=
= H = (p)v@

splitting a singlepothes
o

two
.

= [4 = g = 1 -83

f ~ HE (p = R)
= Eshunting ·(= (y= z)= xxy=z]

&

i
-rightcomtriofI



H
It
↓ OR

_
R 12CXvi)

(xvy)vz Z
P T



Lecture 21 - Nov 20

Bridge Controller

Relative Deadlock Freedom
m2: abstraction, superposition, invariant



Announcements/Reminders

• Today’s class: notes template posted
• Lab4 released
• A reference paper for the tabular method (Lab4)
• Online course evaluation



Idea of Relative Deadlock Freedom

DLF provable DLF unprovable

proved
for a refinement

model.

PrinciplesGuard Strengthening A

1. ML is bad !

doN ->
disjunctionoegeards. notea

(for reactive systems)mi
M 2. a refinement should

Fred * it's ~ofthatenta not introduce a P

there's a state where the
scenario not existing↓

disjunction of all concrete abstract model does not De but in the abstract mo
gards the concrete model model.
opentarios estactmodele

does
-

·Tere * Ina isz(GIV-
scenarios Gm) v ...

Vl

modetCH * ⑳ starWhera
edstrawhere

z,
concreteLI * a



PO of Relative Deadlock Freedom

Concrete m1

Abstract m0

de
D freedoma

W d > 0
A

DLfreedo (a +b - d
nEN "c =0ned F nd tv

bEN &w W
GEN J n >0 (C >d)
[EX

~

(a - d)
a+b+(=n ~

a=0 vC=0 (b> xa=0)



Discharging POs of m1: Relative Deadlock Freedom

Part 1



Discharging POs of m1: Relative Deadlock Freedom

Part 2



Initial Model and 1st Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock Freedom

Concrete m1

Abstract m0

/Livelock

↳I NAT



Bridge Controller: Abstraction in the 2nd Refinement

m1:
more concrete than m0, more abstract than m2

m2:
more concrete 
than m1

a

c

b

m0:
more abstract than m1

L-withoutbehaviour
Correctness of refinement 4.

Tnv. est
. &

1 guard strengtheninginlade light preserved
.

R 2,
relativeTTLF 7

2. livelock/divergence
Mo to

Mi : private from m

C

S

cerposition Gmi to
Mzie7 . 63 .

Var
-> island traffic light .



Bridge Controller: State Space of the 2nd Refinement

Dynamic Part of Model

Exercises
inv2_3: being allowed to exit ML means limited cars & no crash
inv2_4: being allowed to exit IL means some car in IL & no crash

Static Part of Model

[

M,

Mz me-tl = grea= C=0xa+bad
-

Mz
il-th = greaEa=01b >o

= C=0

a=0
-



Lecture 22 - Nov 25

Bridge Controller

2nd Refinement: Splitting Guards
2nd Ref.: Unprovable Sequent for INV
Adding an Invariant



Announcements/Reminders

• Today’s class: notes template posted
• Lab4 released
• A reference paper for the tabular method (Lab4)



Single Car Travel: 
<init, 
 ml_tl_green, ML_out, 
 IL_in, 
 il_tl_green, IL_out, ML_in>

Bridge Controller: “Old” and “New” Events ~spitzoutMea
↳ thin Dml-+-great

&

Teth-great
[
&ML

-out
do ·> > &

-out & ML
_
in

# ⑤

Mi
A .
b

,
C are computer variables Sistreft ModiSee

↳ drivers have no access to their values E

↳ ML
.
out

C drivers shouldonlyabout
ML itide

&
IL-out be

traffic light
colours guardibdo il- +l = green



Bridge Controller: Guards of “old” Events 2nd Refinement

ML_out: A car exits mainland 
(getting onto the bridge).

IL_out: A car exits island 
(getting onto the bridge).

~

<
ML-out

< Il-out

in
order

ml-+e
= great~

forthese
eventsbled
to bee time,
at thetheadda it-te = green

thetime



Bridge Controller: Guards of “new” Events 2nd Refinement

ML_tl_green: 
turn the traffic light ml_tl to green

IL_tl_green: 
turn the traffic light il_tl to green

~
~ ·

-is ml-th= red
(2)a +b <d
i =0

abstgardnin M

-> (1) if-tl = red
(2) b >0

abstracta =0

in Mr
.guard of IL- out



PO/VC Rule of Invariant Preservation: Sequents
Abstract m1

Concrete m2
ML_out/inv2_4/INV

Exercise: Specify IL_out/inv2_3/INV

a= a+ 1

/

A



Example Inference Rules

~
Modus powers
(px(p=g)) = G

H xp =q
↓ 11/

H => (p= g)

-> 78 = P

-

7p = q



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_4/INV

Outstanding/Unprovable Sequent
green red TNVI

_
3:

mh-+l = green ↳ C =0

w inv2. 4 :

il
-+l = green ↳ a =0 -umcree↓

1 = 0



Discharging POs of m2: Invariant Preservation First Attempt

IL_out/inv2_3/INV



Understanding the Failed Proof on INV

Unprovable Sequent: 
green ≠ red 

∧ il_tl = green 
∧ ml_tl = green 
⊢ 

1 = 0

IL_out/inv2_3/INV ML_out/inv2_4/INV

Fixed

there'bfixe~genL

fix Fadd a
a=
0
in invadeinV .

F ↑ /

should possible ~ Na=0

lowed - radingdata
green.



L (ml- +1 =

green
x +l

-
+1 = grea)

= E red = green laxion)3

= (ml-+&Eved x il- +1 + red)
-

= G de morgans
me - th red v il-th = red

newwarant
.



Abstract m1

Concrete m2

Exercise: Specify IL_out/inv2_3/INV

Fixing m2: Adding an Invariant

ML_out/inv2_4/INV

newTapothesis

j



Discharging POs of m2: Invariant Preservation Second Attempt

ML_out/inv2_4/INV

green ≠ red
ml_tl = green
ml_tl = red ∨ il_tl = red
il_tl = green
⊢ 
1 = 0

↑ Approach 1 :

Not L

new added green t red x green- red

&
ml-+l =gree green-red-> Appoach 2:

ml-+=red~

OR-L
it+= green ER_LT- it-th=green green = red

.

T=0

MON ↓
1 =0

↓

↳
Exercise.

false hypothesis .



Discharging POs of m2: Invariant Preservation
IL_out/inv2_3/INV

green ≠ red
il_tl = green
ml_tl = red ∨ il_tl = red
ml_tl = green
⊢ 
1 = 0

Second Attempt



Lecture 23 - Nov 27

Bridge Controller

Adding Actions, Splitting Events
Preventing Livelock/Divergence
Proving Livelock/Divergence Freedom



Exercise: Specify IL_tl_green/inv2_5/INV

Fixing m2: Adding Actions
ML_tl_green/inv2_5/INV

Added
matt =redz:
il-t = IL

_alt

und In in
-

g Agener
mo

&

MI

Mz

conce meta
M2-th-gr. C = 0

Imete A

green = red v red-red
red

get=redvi= red



invi
- 3 : ml

-+1 =g => a+bcdx(=0
-

Discussed (Thursday) · inv2
- 4 : il

-+1 =g => b >0x0
il-+1 =geto(

ML
-

out/iNVI-4/INV-

IL-out/inv2 -
3/ INV (safety

me-+=gett

To Discuss (Toda) me-t =ged
M2

-out/iNI-3/ INV

IL-out/invI
= 4/INV ) capaciting
it+=&Es



Exercise: Specify IL_out/inv2_4/INV

Invariant Preservation: ML_out/inv2_3/INV

ML_out/inv2_3/INV
&

~

+2= a+ 1

&

- post-staffO of ML-out
(a= a+1)



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_3/INV

Unprovable atbad
C = 0

ml
- +1 = g.

+
(a+ 1) +bad
I
I
IMP-L

.



Understanding the Failed Proof on INV

Unprovable Sequent: 
a + b < d

∧ c = 0
∧ ml_tl = green 
⊢ 

(a + 1) + b < d

&

ML-Onenabled

· M2out

forxH) nottea
Yan'tX + 1 < 2 34

ML -

out 2 .g-3 + 1x)4equalt allowing,

↳
ml-+I

(C++b
to red bridge
righatneedtoturnFred right awa.heaway



Fixing m2: Splitting Events
M1 : M2 -out IL-out

/ /
M2 : MLout

=
l IL-out-l

ML_out-2 IL - out - Z

*-out
---

· ML
_out-Z

↳

L

disableout

↓
assooncyreace ameth



Current m2 May Livelock
infinite
interleaving
of nerents

The current mz diverges
:there's

point
one valid

startingof livelock tract of
- infinite interleaving

of new events.



Fixing m2: Regulating Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1

Divergence Trace: <init, ML_tl_green, ML_out_1, IL_in, IL_tl_green, ML_tl_green, IL_tl_green, …>
disabled=L+e-greenboth new events

-- ② enabled.
T

O I
I S· I S

S S

I (
& O

I S

disable I /

11

Peterspass
S S



Fixing m2: Measuring Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1
0 1
1 1
1 1
1 1
1 1

01
1 1
1 1
1 1
1 1 occurrences of 

new events

variant: V(c, w)

2

I

2

2
2·

2

2 2
-

27enttleg
2 M2-th-g
2

2



PO of Convergence/Non-Divergence/Livelock Freedom

A New Event Occurrence Decreases Variant

ML_tl_green/VAR

Variants: ml_pass + il_pass

~ post-statedue ofwae of
var.

D
S
il-pass

t *mass+ #pass'
me-pass'=Oil pass = it-pass

*&O ~

me-pass + if-pass



PO of Relative Deadlock Freedom
Abstract m1

Concrete m2



Discharging POs of m2: Relative Deadlock Freedom

IS#1 IS#2

IS#3



1st Refinement and 2nd Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock FreedomAbstract m1

Concrete m2



Lecture 24 - Dec 2

Background

Safety-Critical vs. Missional-Critical
Professional Engineers: Code of Ethics
Safety Property/Invariant
Verification vs. Validation



Announcements/Reminders
• Today’s class: notes template posted
• Lab4 released
• A reference paper for the tabular method (Lab4)
• Review session survey active now!
• Exam guide, example questions released



mathematical~discrete
Formal Methods

Xe [D)· 103nahme Ye [1:53 ·

↳
Memprovinga penties

?

↳ manual instori~ steplosion
4315 I y I does net

Mission
-Critica-systemodeledstool tolastful



Safety-Critical System NPPa monitors

1
.
nuclear power plant SS

+ nuclear shutdown system
2 .

radiation 6
. bridge controller

out-way

3 . "glove" Islandbridge mainlanda

4
. Pasemaker (pacemaker challenges

safe & fit for use↑Mods FM S

5 . auto-pilot & auto-driving .



Acceptance Criteria

1 . Reg · precise
↳ no ambiguities ,

no contradiction

El

Me
-En = false

↳Complete
↳ no missing scenarios

Lab5



Goal :Verificationany if Implementations Conforms to Requirement
assume :Expo? in different semantic domains is cannot unambiguous↑ Implementation Requirements compFrectly ! non-contraler conform?> document completeon Let

↓ ↓sensor-value
T

state pa

e .g. machina tables egdischarglation egiantis

formalspechodel axiom> nalproperting
same semantic domain



Mission-Critical vs. Safety-Critical

Source: http://pdf.cloud.opensystemsmedia.com/advancedtca-systems.com/SBS.Jan04.pdf

Ses

MCS

http://pdf.cloud.opensystemsmedia.com/advancedtca-systems.com/SBS.Jan04.pdf


MSS

sas US . MCS

(1) X SCS ICS sas

parmaker
SCS = MCS

↓·
(3, X M/S => S&S financial

software
SCS &MIS for smallcompanif

=>



Safety Property/Invariant
↳ Every possible state of the system

should satisfy it.
↳ If there's at least out state

where the inv. does not hold,
el it is not satisfied.

22

reactive
160 1949 - .... -S 85)initial

assume
invsystees

State

holds afterPrethatf
here

&j >
inv.

holds
.



assumption :

reg . already given
Verification : Are we building the product right?

procesinstruction

Are we building the right product ?

are
the reg

giventendoaeas



Building the product right?

↓ pation
↓ Grain 1. in a

diff
domain

# semantis
2 .

make use
of

are thesetg testany
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lidations
~ forvon ge

a



Source: https://resources.sei.cmu.edu/asset_files/whitepaper/2009_019_001_29066.pdf

Research on “Assurance Cases” if interested!

Certifying Systems: Assurance Cases
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Exam Info
- When: 9am to 12pm, Thursday, December 11 (ACW 206)
- Coverage: Everything (lecture materials & labs)
+ slides, iPad notes

- Even problems that look challenging at first are built on the same foundational 
techniques you've learned and practiced in lectures and labs. A solid, reflective 
grasp of the basics will take you farther than memorizing examples.
- Format: Mostly Written
+ explanations/justifications + write math expressions + calculations, proofs 

- Restrictions:
+ One-sided, computer-typed, min 10pt data sheet
+ No sketch paper (Exam booklet includes it) + No calculator

- What you should bring:
+ Valid, Physical Photo ID (strict)
+ Water/Snack
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I hope you enjoyed learning with me e

All the best to you


